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Logarithmic Laws for Compressible Turbulent Boundary Layers
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Dimensional similarity arguments proposed by Millikan are used with the Morkovin hypothesis to deduce log-
arithmic laws for compressible turbulent boundary layers as an alternative to the traditional van Driest analysis.
It is shown that an overlap exists between the wall layer and the defect layer, and this leads to logarithmic behav-
ior in the overlap region. The von Karman constant is found to depend parametrically on the Mach number
based on the friction velocity, the dimensionless total heat flux, and the specific heat ratio. Even though it remains
constant at approximately 0.41 for a freestream Mach number range of 0-4.544 with adiabatic wall boundary
conditions, it rises sharply as the Mach number increases significantly beyond 4.544. The intercept of the loga-
rithmic law of the wall is found to depend on the Mach number based on the friction velocity, the dimensionless
total heat flux, the Prandtl number evaluated at the wall, and the specific heat ratio. On the other hand, the inter-
cept of the logarithmic defect law is parametric in the pressure gradient parameter and all of the aforementioned
dimensionless variables except the Prandtl number. A skin friction law is also deduced for compressible bound-
ary layers. The skin friction coefficient is shown to depend on the momentum thickness Reynolds number, the
wall temperature ratio, and all of the other parameters already mentioned.

Introduction

SINCE the original proposal of the van Driest I density-
weighted transformation1 for the mean velocity, and its use to

justify the extension of the incompressible law of the wall to com-
pressible boundary layers, a lively discussion has ensued regarding
the applicability of the law of the wall to high Mach number flows
with thermal wall boundary conditions other than adiabatic. Recent
calculations with two-equation models2 and second-order closure
models,3 when compared with measurements,4"6 seem to suggest
that the van Driest compressible law of the wall may only be appli-
cable to flows with fairly low Mach numbers. Furthermore, the
von Karman constant K was found in these studies to be 0.41 when
the untransformed mean velocity is plotted in wall coordinates; it
was a constant only in the case of compressible flows over an adia-
batic wall with external Mach numbers sufficiently less than 10.
On the other hand, Huang et al.7 and Huang and Coleman8 have
argued that the van Driest I transformation is valid for compress-
ible flows with a fairly wide range of different Mach numbers and
thermal wall boundary conditions. They further proposed that K in
the van Driest compressible law of the wall is equal to 0.41, and
the intercept also remains fairly constant at 5.2 for the range of
Mach numbers studied. The starting point of their analysis is inner-
layer similarity, thus leading to mixing length formulas for the
mean velocity and mean temperature. A further assumption of a
constant turbulent Prandtl number allows the mean temperature to
be expressed in terms of the mean velocity. The logarithmic behav-
ior of the mean velocity and temperature, therefore, follows
directly from the mixing length formula invoked for the velocity
field. In their analysis, a constant K is tacitly assumed and is built
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into the mixing length formula used to derive the subsequent loga-
rithmic law of the wall. The generalization to cover the whole layer
was carried out by applying Coles' law of the wake for the outer
region with a van Driest type damping of the mixing length for the
viscous layer. This approach tacitly assumes the validity of the
Markovin hypothesis,9 and thus allows the wake function derived
from incompressible boundary-layer data to be directly extended
to compressible flows. They, however, did not present evidence to
show that an overlap exists between the wall layer and the defect
layer with the transformed mean velocity. According to Millikan,10

the presence of an overlap is a necessary condition for the logarith-
mic behavior to exist in any wall-bounded turbulent flow.

The objective of this paper is to invoke the Morkovin
hypothesis9 and the dimensional similarity arguments of Millikan10

to demonstrate that the assumption of an overlap between the wall
layer and the defect layer in flat plate compressible boundary-layer
flows, with different wall thermal boundary conditions, leads to
logarithmic behavior in the law of the wall and the defect law. Fur-
thermore, this analysis is used to show that Kris a true constant only
for isothermal, incompressible flows. In general, for compressible
flows, K is parametric in the Mach number based on the friction
velocity, the dimensionless total heat flux, and the specific heat
ratio. Comparisons of this result are made with the traditional van
Driest compressible law of the wall. Since dimensional arguments
cannot be used to determine the exact value of K, comparisons with
measurements4"6'n~13 are used to establish the approximate values
of K and the intercepts associated with the logarithmic law of the
wall and the logarithmic defect law for compressible boundary lay-
ers with different wall thermal boundary conditions. Finally, a skin
friction law is deduced for compressible boundary layers valid for
flows with and without streamwise pressure gradient effects.

Dimensional Similarity Analysis
According to Morkovin,9 dynamic similarity exists between

compressible and incompressible mean turbulent flows. In other
words, compressibility effects may be accounted for by the mean
density field alone. If this hypothesis is invoked, the dimensional
similarity arguments used by Millikan10 to deduce the incompress-
ible law of the wall can be extended to compressible flows and
used to show the existence of a logarithmic region in the mean
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velocity distributions under different wall thermal boundary condi-
tions. For incompressible flows, the mean velocity near a wall is
influenced by the wall shear stress Tw, the local fluid density p, the
viscosity p., and the normal distance from the wall y. For com-
pressible flows, using the Morkovin hypothesis, the mean velocity
U is again dependent on TW, the fluid properties evaluated at the
wall (i. e., pw, (i^, kw, Cp, and Cv, which are the density, viscosity,
thermal conductivity, and specific heats, respectively), the total
heat flux gtot, the wall temperature TW9 and the distance from the
wall y. The choice of the fluid properties evaluated at the wall is
dictated by the fact that only these fluid properties are constant in
the near-wall region and that <2tot is a uniformly valid expression
linking the outer layer and the inner layer. Application of the
Buckingham II theorem leads to six dimensionless groupings, and
they can be expressed as

U+ =

where WT = (iw/ pw)1/2,

(1)

, Bq = Qtot/(pw Cp WT Tw), MT =
ux/aw, Prw = (CpViw)/kw, aw is the sound speed evaluated at the
wall, and y = Cp I Cv is the ratio of the specific heats evaluated at
the wall. The choice of MT follows from the fact that, for com-
pressible boundary-layer flows, the ratio of the wall shear stress to
the static pressure at the wall affects the flow.14 This ratio can be
written as iw I y pw where pw is the wall static pressure. Since ux
= (xw/ pw)1/2 and a^ = jpw/pw, it can be easily shown that
TH/YPW

 = ux/aw = ̂ -i • ft should be pointed out that, as long as
the temperature is not high enough to give rise to real gas effects
such as dissociation, ionization, etc., the quantities y and Prw can
be considered constant. However, for the sake of completeness,
they are carried along in the following analysis. Using an alternate
approach, Rotta14 obtained a slightly different function F for Eq.
(1). In Rotta's function, Prw is replaced by Pr = [i(Cp/k). As a
result, another parameter n appears in F, where n is the exponent
of the viscosity law assumed, i.e., JLL = jiw (T I Tw)n. It is evident
from the preceding analysis that the more appropriate Pr is that
evaluated at the wall, rather than its local value.

In the defect layer, the drag generated as a result of the presence
of the wall acts to slow down the fluid, thus creating a velocity
defect. Therefore, for incompressible flow, the velocity defect is
independent of the fluid viscosity, but instead depends on the outer
variables, such as the boundary-layer thickness and the streamwise
pressure gradient. For compressible flows, one could argue that the
velocity defect is again independent of the fluid viscosity and ther-
mal conductivity but is still affected by the fluid density. Conse-
quently, the velocity defect in the outer region is found to depend
on 8, pw,Cp,Cv, gtot, TW9 dP/dx, and y. Application of the II theo-
rem again gives rise to the expression

or

(2b)

where U^ is the freestream mean velocity, p = (5 dP/dx)/^ the
pressure gradient parameter [which is related to the Clauser pres-
sure gradient parameter pc, by P = (8 /8*)pc], r\ = y/5 the dimen-
sionless y coordinate, 5 the boundary-layer thickness, 6* the dis-
placement thickness, P the mean static pressure, and x the
streamwise coordinate. Rotta14 has also proposed a functional
form similar to Eq. (2a) for the velocity defect; however, his func-
tion only depends on r\, MT, and a dimensionless parameter related
to the location of the virtual maximum temperature. The depen-
dence on y, p, and Bq is lacking, and it appears that pressure gradi-
ent effects are not accounted for explicitly. According to Mellor15

and Mellor and Gibson,16 this cannot be the case, even for incom-
pressible boundary layers. Therefore, the present analysis appears
to be more physical because it approaches the incompressible limit
correctly and leads to a more general expression for the velocity
defect.

Millikan10 pointed out that if an overlap exists between the wall
layer and the defect layer, the functions F and G must be logarith-

mic. The wall logarithmic behavior first deduced by Millikan10 has
been formalized mathematically by Mellor15 as the inner asymp-
tote of the defect layer, r\ —> 0 , or the outer asymptote of the wall
layer, y* —> °o . According to Tennekes and Lumley,17 the dimen-
sionless velocity gradient of Eqs. (1) and (2b) must be equal in the
limit as y* —» °° and r\ —> 0 simultaneously. Therefore, this leads
to

(3)

In the overlap region, both expressions for the velocity gradient
must be equal. Even though these expressions are parametric in p,
MT, Prw, Bq, and 7, one is a function of yw only whereas the other
is a function of rj alone. These two expressions can be the same if
and only if they are equal to a constant K that is parametric in MT,
Bq, and y alone. On integration, the following relations are
obtained:

[T =

U-U

(4)

where B is the intercept of the logarithmic law of the wall and A
the intercept of the logarithmic defect law. In general, these inter-
cepts are parametric inMT, y, PrW9 p and Bq. For zero-pressure-gra-
dient compressible flow over an adiabatic wall, p and Bq vanish,
and the Prandtl number evaluated at the wall remains constant. If 7
is assumed to be fairly constant over the Mach number range con-
sidered, then K, A, and B would be parametric in MT only. The
dependence of K, A, and B on MT may or may not be strong; how-
ever, it has to be determined by comparison with measurements.
Therefore, for this simple compressible flow, K; A, and B are not
true constants, and they should be expected to vary with the Mach
number. In general, K is parametric in MT and Bq9 even if y is
assumed to be constant in the Mach number range considered.

The traditional van Driest compressible law of the wall1 was
formulated using a transformed mean velocity Uc and the incom-
pressible von Karman constant KQ, It can be written as

where
o v/2

-2- dUm

(6)

(7)

and KQ is taken to be 0.41. The intercept B was assumed to vary
weakly with the Mach number and wall thermal boundary condi-
tions. A straightforward differentiation of Eq. (6), making use of
Eq. (7), yields

(8)

because pRT = const for the zero pressure gradient boundary layer.
For adiabatic wall boundary condition, Tw I T ~ const in the loga-
rithmic region. If this constant is parametric in MT and y (an appar-
ently reasonable assumption), it follows that Eq. (8) is a special
case of Eq. (4) wherein K(MT, y) = Ko(rw/rlog)1/2. Here, Tlog is the
temperature evaluated in the log region. Hence, the results derived
herein appear to be qualitatively consistent with the van Driest
compressible law of the wall for adiabatic boundary conditions.

Mellor and Gibson16 choose the defect thickness A, rather than
the boundary-layer thickness 8 as the appropriate length scale to
use in the defect layer. Their analysis also yields a logarithmic
defect law with an intercept given by Am. For the case of the flat
plate boundary layer at zero pressure gradient, Mellor and
Gibson16 determined Am to be -0.6. Since Am and A are related by

1 AA = A + - £ v ~m K 5 (9)
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Table 1 Comparison of calculated and measured values of Cp K, #, and A

Measurements &-e Calculations
Case Source
a
b

c

d

e

f

g

h

i

j

Klebanoff12

Karlsson and
Johansson11

Samuel and
Joubert13

Samuel and
Joubert13

Spina and
Smits6

Fernholz and
Finley4

Fernholz and
Finley4

Fernholz and
Finley4

Fernholz and
Finley4

Kussoy and
Horstman5

P
0

0

16.98

33.51

0

0

0

0

0

0

Tw IT aw

1.0

1.0

1.0

1.0

1.11
1.0

1.0

1.0

0.92

0.30

M^
0

0

0

0

2.87

2.24

4.54

10.31

5.29

8.18

MT

0

0

0

0

0.067

0.063

0.114

0.113

0.135

0.181

ReQ

7,800

2,420

14,932

24,707

83,889

20,797

5,320

15,074

3,936

4,600

(}C)in

40

40

30

30

300

66

20

40

30

40

(}C)out

500

200

600

500

2000

1000

200

150

150

300

cf x io3

2.84

3.54

1.35

0.69

1.10

1.62

1.26

0.24

1.31

0.98

K

0.43

0.41

0.42

0.41

0.52

0.41

0.41

0.54

0.48

0.35

B
5.34

4.80

5.15

5.70

6.82

4.04

4.00

6.10

5.27

6.48

A
2.70

2.10

7.00

14.59

1.02

0.48

-0.33

-1.10

-0.49

-1.38

cf x io3

2.87

3.53

1.37

0.80

1.07

1.64

1.30

0.22

1.27

0.91

K

0.40

0.37

0.39

0.42

0.46

0.42

0.42

0.47

0.43

0.25

B
3.82

3.11

3.53

3.23

6.01

4.50

4.25

4.86

4.62

0.54

A
2.48

2.26

7.42

15.13

0.32

0.01

-0.68

-0.68

-1.13

-2.28

u

40

30 -

20 -

+ 10 -

H Measurements
k-e Model

— U+=(1/K)lny++B

10U 10' 10° 10"
y+

Fig. 1 Semilog plots of incompressible boundary layers in law of the
wall coordinates; cases are as indicated in Table 1.

the value of A for the case of zero-pressure-gradient flow can be
estimated once A and 8 are known. According to Mellor and
Gibson16, A/8 is approximately 3.6 at a Reynolds number based
on the displacement thickness, Re =5 X IO4. Therefore, A is esti-
mated to be about 2.52. Furthermore, Mellor and Gibson16 have
calculated the variations of Am with pc for equilibrium incompress-
ible boundary layers. Since Eq. (9) is applicable to flows both with
and without streamwise pressure gradients, and since p is related
to pc, once the variations of Am with pc are known, the variations of
A with p can also be determined. Even though A is a well-defined
length scale and 8 is not, there is no loss of generality in using 8 for
the analysis just presented. In the results to follow, a consistent
definition of 8 is used to analyze the measurements and calcula-
tions. The measured 8 is used to analyze measurements whereas
the calculated 8 is used to reduce the calculated mean velocity. In
each case, 8 is defined as the y location where U = 0.99/7^.

The validity and extent of applicability of Morkovin's hypothe-
sis should be discussed before embarking on a verification of Eqs.
(4) and (5). Simply stated, Morkovin's hypothesis amounts to the
neglect of turbulent density fluctuations in supersonic boundary-
layer analyses when the variables are decomposed using Reynolds
averages. Consequently, when this hypothesis is valid, the crucial
turbulence statistics are only altered by compressibility effects
through changes in the mean density. Morkovin9 analyzed the com-
pressible boundary-layer measurements of Morkovin and
Phinney18 and Kistler19 and arrived at two important conclusions:
1) the pressure fluctuations were quite small compared to density

50

40

30 H

^*\

@ Measurements
k-e Model

—— (Uco-U)/uT=-(1/K)lny/5+A

(d)

.001

Fig. 2 Semilog plots of incompressible boundary layers in defect law
coordinates; cases are as indicated in Table 1.

fluctuations and 2) the total temperature fluctuations were much
smaller than the static temperature fluctuations in supersonic
boundary layers with small rates of wall heat transfer. As a result,
the Reynolds-averaged mean flow equations for supersonic bound-
ary-layer flows could be reduced to a form similar to those derived
for incompressible flows. This, in turn, allows the direct extension
of incompressible turbulence closures to model supersonic turbu-
lent flows. Under these conditions, it is generally believed that, for
supersonic boundary layers with adiabatic wall conditions, the
Morkovin hypothesis is valid for external Mach numbers M^ as
large as 5. The calculations to be presented in the next section,
however, indicate that its range of applicability may extend signif-
icantly beyond M^ = 5.

Results and Discussion
Boundary-layer measurements4"6'n~13 are used to verify the log-

arithmic behavior deduced in Eqs. (4) and (5) for the wall layer
and the defect layer. This data includes zero-pressure-gradient
compressible boundary layers,4"6 incompressible boundary layers
with zero pressure gradient,11'12 and flows with adverse pressure
gradients.13 First, comparisons are made with incompressible flow
measurements to establish the values of K, A, and B and the depen-
dence of A on P. Second, comparisons are carried out with com-
pressible boundary-layer measurements to verify the existence of
an overlap region and to determine the values of K, A, and B as
well as the dependence of A and B on MT and Bq. The calculations
of the compressible boundary layers4"6 using Favre-averaged gov-
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erning equations have already been reported by Zhang et al2'3
Since the two-equation model predictions are essentially identical
to the second-order closure calculations, the present comparisons
are solely drawn from the two-equation model results. Further-
more, the two-equation model of Zhang et al.2 is used to calculate
the incompressible boundary layers,11"13 and the results are ana-
lyzed together with the predictions of the compressible boundary
layers. Once the values of K, A, and B are determined from the
experimental data, the same procedure is used to deduce the values
of these parameters from the model calculations. In the process,
the ability of the models to predict compressible boundary-layer
flows—particularly the logarithmic behavior—can be assessed.

Before proceeding to analyze the boundary-layer measurements
and model calculations, a consistent procedure has to be adopted
for the determination of K, B, and A. First, the mean velocity data
are plotted in the wall coordinates, U+ vs y* . In reducing the
measured data, the reported skin friction coefficient, Cf =
2TM/p00£/eo, is used to calculate the friction velocity wx. On the
other hand, the predicted WT is used to analyze the calculated mean
velocity. Then, the data points that fall on a straight line in a semi-
log plot are identified. The point closest to the wall is identified as
(>C )in> whereas the point farthest away from the wall is denoted
as ( Jw )out- These locations are determined for all cases examined,
and they are listed in Table 1 for reference. It should be pointed out
that, once these locations are determined for each case, they are

then used to reduce both the experimental and calculated data for
the values of K, B, and A. Although this procedure may not yield
the precisely correct values for K, B, and A, if it is carried out con-
sistently, the results should be correct qualitatively. In other words,
the relative behavior of these parameters can be identified. A least
squares fit of the data points bounded by (y* )in and (y* )out yields
the slope K"1 and the intercept B of the straight line. Finally, the
data are plotted in the defect form, and again the same data points
as before are used to define the straight line. In drawing the
straight line in the defect plot, the slope is chosen to be the same as
that determined from the law-of-the-wall plot. Thus, the intercept
A is uniquely determined. This procedure of determining the pa-
rameters is used in all subsequent data analysis. The values of Cy,
K, B, and A obtained from experimental measurements and model
calculations are listed in Table 1 for comparison. In Table 1, the
values of the freestream Mach number M^, the ratio of the wall
temperature to adiabatic wall temperature Tw /Taw, and the mo-
mentum thickness Reynolds number ReQ (where 6 is the momen-
tum thickness of the boundary layer) for each experiment are also
listed. Therefore, Tw I Tavv =1.0 for both isothermal incompressible
flows and compressible flows with an adiabatic wall boundary
condition.

Plots of the zero pressure gradient boundary-layer data of
Klebanoff12 and Karlsson and Johansson11 in the wall-layer and
defect-layer form are shown in Figs. 1 and 2, respectively. The val-
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— U+=(1/K)lny++B

10' 10° 10U 10' 10° 10" 10°

Fig. 3 Semilog plots of compressible boundary layers with an adia-
batic wall in law of the wall coordinates; cases are as indicated in
Table 1.

Fig. 5 Semilog plots of compressible boundary layers with constant
wall temperature in law of the wall coordinates; cases are as indicated
in Table 1.

20 -i
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.001

Fig. 4 Semilog plots of compressible boundary layers with an adia-
batic wall in defect law coordinates; cases are as indicated in Table 1.

Measurements
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-U)/uT=-(1/K)lny/5+A
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.001 .01

y/5
Fig. 6 Semilog plots of compressible boundary layers with constant
wall temperature in defect law coordinates; cases are as indicated in
Table 1.
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ues of K, B, and A, thus determined, are listed in Table 1. From
Table 1, it can be seen that B and A vary with the Reynolds num-
ber; however, K remains constant. This is expected from the analy-
sis of Mellor.20 According to Mellor and Gibson16 and Eq. (9), the
appropriate values of K, B, and A at Re = 5 X 104 for an isothermal,
incompressible boundary-layer flow in equilibrium are 0.41, 4.9,
and 2.52, respectively. The values of K and A determined from
Klebanoff's measurements12 are in good agreement with K = 0.41
and A = 2.52, whereas the two-equation model calculations yield
results that are in fair agreement with the values determined from
measurements. In addition, the two-equation model is capable of
predicting the decrease of B and A with Reynolds numbers. This
agreement is expected and simply serves to illustrate the consis-
tency of the present strategy. Furthermore, this comparison shows
that the choice of 8 as the length scale in the defect layer is appro-
priate and does not contaminate the logarithmic behavior. The
comparisons of the model calculations with the adverse pressure
gradient data of Samuel and Joubert13 are also shown in Figs. 1
and 2 with the law of the wall results given in Fig. 1 and the defect
law results plotted in Fig. 2. Two stations, where one is near incip-
ient separation, with different p are chosen to illustrate the depen-
dence of A on p. Values of K, B, and A determined from these plots
are listed in Table 1. These results show that K is not dependent on
P, and its value thus determined is approximately 0.41; this offers
further evidence for the logarithmic laws deduced in Eqs. (4) and
(5). On the other hand, the dependence of A on p is clearly shown.
Furthermore, the overlap between the wall layer and the defect
layer does not disappear completely as separation approaches.
Even at incipient separation, case d of Figs. 1 and 2, the overlap
between the wall layer and the defect layer is still quite evident.
The two-equation model is capable of reproducing these trends
and, at the same time, gives a fairly correct prediction of the varia-
tion of A with p.

Six compressible flat plate boundary-layer cases are selected for
analysis; they include one with wall heating (case e), three with an
adiabatic wall (cases f-h), and two with wall cooling (cases i and
j). The freestream Mach number varies from a low of 2.24 to a
high of 10.31 (Table 1). Case e is taken from Spina and Smits,6
case j is from Kussoy and Horstman,5 whereas cases f-i are from
the data compilation of Fernholz and Finley.4 Case f from Fern-
holz and Finley is contributed by Shutts et al.,21 case g is by
Coles,22 case h is by Watson et al.,23 and case i is by Winkler and
Cha.24 For the sake of simplicity, these four cases are referenced to
Fernholz and Finley4 as the source in Table 1. All of these cases
have been calculated using two-equation models and second-order
closures, and the results are reported by Zhang et al2'3 It appears
that there is good agreement with data when the mean velocity dis-
tributions are plotted either in the semilog form or in the linear
form. According to Zhang et al.,2'3 K seems to remain fairly con-
stant for compressible boundary-layer flows with an adiabatic wall
boundary condition. However, a more critical analysis of the adia-
batic wall boundary condition data sets along the present line
reveals that K is parametric in MT when M^ increases beyond
4.544.

The measurements and the calculated results are analyzed ac-
cording to the procedure just outlined, and the values of K, B, and A
thus determined are listed in Table 1 for comparison. The logarith-
mic law-of-the-wall plots for the six cases examined are shown in
Figs. 3 and 4, and the logarithmic defect-law plots are given in
Figs. 5 and 6. Here, Figs. 3 and 5 show the plots for the compress-
ible boundary layers with an adiabatic wall whereas Figs. 4 and 6
show those with constant wall temperature boundary conditions. It
is obvious that an overlap exists for all zero-pressure-gradient
compressible boundary layers studied. In other words, the rationale
used to derive Eqs. (4) and (5) appears appropriate. From Table 1,
it is clear that K remains fairly constant for compressible boundary
layers with an adiabatic wall where M^ < 4.544. This means that K
is not sensitive to MT in the external Mach number range, 0 < M^ <
4.544. The reason could be due to the small value of MT, which
only reaches 0.067 atM^ = 2.24. WhenM^ = 10.31, MT increases
to 0.113. It is possible that as MT increases beyond 0.1, its influ-
ence on K becomes more pronounced. The fact that a noticeable in-

crease in K is not detected in case g could be due to uncertainties in
the measured data. Consequently, at high freestream Mach num-
bers, K is found to be significantly different from its value deter-
mined at lower M^. As expected, the intercepts B and A are also
parametric in MT; B increases with MM whereas A decreases as M^
increases. The two-equation model does a fairly good job in the
prediction of K but a poor job of replicating the behavior of B and
A. This is in spite of the rather accurate prediction of Cf.

In general, K increases with M^ when the wall is heated but de-
creases when the wall is cooled. The variations are quite signifi-
cant over the range of wall temperature ratios investigated. Also, K
is quite sensitive to variations mBq. In the six cases examined, Tw
I Taw varies from a high of 1.11 to a low of 0.3. The value of K thus
deduced ranges from approximately 0.54 to about 0.35. Typically,
K is determined from the mean flow measurements that have an
error margin of no more than 2-3%. For those experiments in
which the wall shear stress was not measured directly, a Clauser
plot technique25 was used to determine WT, then K is deduced using
the procedure outlined earlier. This technique was found to be
quite accurate for incompressible flow studies, and the WT thus de-
termined agreed to within 5% of the direct measurements obtained
by such techniques as force balance, wall shear probe, etc.16'20'25'26

As a result, the uncertainty in the determination of K would also be
about 5%. This, however, is not the case for measurements in com-
pressible boundary layers.4"6 Measurement errors as large as 10%
could occur in the measured mean flow velocity in supersonic flow
experiments. Therefore, if K is again determined using the given
procedure, its error margin could be 10% or more. The present pre-
dictions are within or at the margin of these error limits. Their
quantitative agreement with measurements is not good. Neverthe-
less, a clear trend is exhibited by the data and the model calcula-
tions replicate this behavior very well. On the other hand, a de-
crease of about 0.2 in K over the range of Tw I Taw investigated is
estimated correctly by the two-equation model. The effect of total
heat flux on B is clearly illustrated by comparing cases h and j
where M^ differs by about 2 and Tw I Taw decreases from 1.0 to 0.3.
It can be seen that the value of B for case j is significantly lower
than that for case h. The same trend is also observed for the behav-
ior of A which decreases with decreasing Tw /Tavv. Again, the two-
equation model results are in fair agreement with those determined
from measurements. This means that the Morkovin hypothesis9 is
essentially valid for the bulk of the Mach number and wall temper-
ature ratio range considered herein.

Since the values of K, A, and B cannot be determined analyti-
cally,10'15 there is no reason to expect them to be constant or to
vary in any simple prescribed manner with the dimensionless vari-
ables of compressible flows for widely differentM^ and Tw/Taw.
The value of K for incompressible flows can be determined by
comparison with measurements. Such an exercise has been carried
out by numerous researchers. The generally accepted value forK is
0.41 for incompressible flows both with and without streamwise
pressure gradients.17 This result is substantiated by the present
analysis. On the other hand, the values of A and B are found to
depend on the displacement thickness Reynolds number, even for
incompressible flows.16'18 For compressible boundary-layer flows
over surfaces with adiabatic and isothermal wall boundary condi-
tions, the dimensional similarity analysis presented shows that K is
parametric in y, MT, and Bq, whereas the law of the wall intercept is
parametric in Prw, y, MT, and Bq, the defect-law intercept is depen-
dent on p, y, MT, and Bq. Again, these values cannot be determined
analytically. Therefore, there is no compelling reason to assume
that any one of these values should be constant for a fairly large
range of M^ and Tw/Taw. The present analysis strongly indicates
that K « 0.41 only for flat plate compressible boundary layers with
an adiabatic wall where M^ is below 5. For other Mach numbers
and wall thermal boundary conditions, K is found to deviate signif-
icantly from its accepted incompressible value of 0.41. The inter-
cepts, A and B, are also found to depend significantly on M^ and
Tw/Taw. Huang et al.7 and Huang and Coleman8 have demon-
strated that the van Driest I transformation1 can be used to trans-
form the mean velocity yielding a compressible law of the wall
with K « 0.41 and B = 5.2. This form of the van Driest compress-
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ible law of the wall was found to be applicable to flat plate bound-
ary-layer flows with adiabatic and cooled/heated walls for Mach
numbers as high as 11. In Refs. 7 and 8, however, their analysis
did not present evidence to show that an overlap exists between the
wall layer and the defect layer using the transformed velocity.
Despite this omission, their success is very encouraging, because it
implies that the traditional van Driest transformation can be used
to extend the incompressible law of the wall to its corresponding
compressible form without having to alter the constants in the
equation. However, it should not be interpreted as universally
valid for all M^ and Tw/ Taw. Based on dimensional arguments and
the overlap analysis presented herein, there is no reason to believe
that K can be parameterized by the values of Tw I Tlog alone for
cases with strong wall cooling or heating.

Skin Friction Law
A by-product of the preceding analysis is the skin friction law,

which can be obtained by combining Eqs. (4) and (5). After much
algebra, the result can be simplified to

1 Cf _ 1

, e (10)

Equation (10) shows that Cf is not only a function of the Reynolds
number but is also affected by the wall temperature ratio T^ I Tw
and MT, Bq, (3C or p, y, and Prw through the intercepts A and B. If A
and B are known, Eq. (10) can be used to determine Cf. On the
other hand, if Eqs. (4) and (5) are used to determine A and B as the
present analysis has done, then Eq. (10) cannot be used to deter-
mine Cf because it is no longer an independent equation.

This skin friction law is different from the one deduced by
Huang et al.7 Their deduction invokes the assumptions of a mixing
length, a van Driest-type damping function in the near-wall region
and an empirical wake function obtained from incompressible
boundary-layer data. As a result, the skin friction law obtained by
Huang et al.7 does not have an explicit L, (TJ Tw) term in the
equation. However, the effect of T^ / Tw was accounted for in their
algorithm used to deduce the skin friction. A similar expression for
Cf has also been deduced by Rotta.14 Rotta's skin friction law,
however, contains an explicit ^(T^IT^) term. Furthermore, ac-
cording to the analysis of Huang et al.,7 Cf is relatively insensitive
to the choice of Reynolds number, be itReQ or Re^^/^). This
observation is not quite consistent with the Cf expression given in
Eq. (10). A few examples can be cited to illustrate this point. From
the compressible boundary-layer measurements4'5 listed in Table
1, the temperature ratio T^ I Tw for cases (e-j) can be estimated to
be 0.357, 0.526, 0.213, 0.031, 0.182, and 0.270, respectively.
Therefore, (n + 1/2) l*,(T.J Tw) varies from about -2 to about -7
depending on the value of n assumed. On the other hand, ReQ var-
ies from about 4000 to approximately 84,000 yielding a range for
<L ReQ of approximately 8.3-11.3. These two terms are of compa-
rable magnitude, and they are equally important in Eq. (10). In
other words, the skin friction coefficient is also strongly dependent
on the wall temperature ratio. The only assumptions invoked in the
present analysis are the existence of a constant stress layer, the
presence of an overlap between the wall layer and the defect layer,
and the validity of the Markovin hypothesis. Therefore, the skin
friction law given by Eq. (10) appears to be more physical.

Conclusions
Dimensional similarity arguments and the Morkovin hypothesis

have been used to derive a general law of the wall and a general
defect law for flat plate compressible boundary layers with adia-
batic as well as heated and cooled wall thermal boundary condi-
tions. When the assumption of an overlap is invoked, logarithmic
behavior can be deduced for these two laws. The slopes of the log-
arithmic laws for the wall layer and the defect layer are equal and
are given by K -1. This coefficient is not a universal constant, but

rather, it depends parametrically on y, MT, and Bq. The intercept B
is found to depend on Prw, y, MT, and Bq, whereas the intercept A
depends parametrically on (3, y, MT, and Bq. Comparisons with
measurements establish that K assumes a constant value of approx-
imately 0.41 for flat plate compressible boundary layers withM^
under 5 and adiabatic wall boundary conditions. Its value de-
creases as the wall temperature ratio decreases and increases with
increasing wall temperature ratio and M^. An analysis was pre-
sented to show that the traditionally accepted van Driest compress-
ible law of the wall renders K <^ (T^l rlog)1/2, a result that is quali-
tatively consistent with the trends deduced in the present analysis.
Although the results of Huang and Coleman8 indicate that the van
Driest law performs well for a fairly wide range of conditions, the
overlap analysis presented in this study does raise questions about
its universality (i.e., whether K can be parameterized by TJ Tlog
alone for all thermal wall conditions).

The intercepts A and B have also been found to be noticeably
dependent on both the freestream Mach number and the wall tem-
perature ratio. Both intercepts decrease with increasing M^ and
decreasing Tw/Taw. A by-product of this analysis is a skin friction
law for compressible boundary layers. The skin friction coefficient
thus deduced is found to depend on the flow Reynolds number, the
wall temperature ratio, the pressure gradient parameter, and all
other dimensionless parameters mentioned earlier.
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